Abstract. Let C be a smooth projective irreducible curve defined over a finite field k. Let G be a finite subgroup of Aut(C) of order prime to char(k) and M the |G|-th cyclotomic field. We show that certain idempotent relations in M [G] imply relations among arithmetic invariants of the fundamental groups of the quotient curves (C/H) × k k, where H is a subgroup of G.
Introduction
Let C be a smooth projective irreducible curve defined over a finite field k of q = p n elements. Let G be a finite subgroup of Aut(C). In [5] compatibility among arithmetic invariants depending on subgroups H of G and idempotent relations were proved in many cases. More precisely, given a subgroup H of G, let e H = 1 |H| τ ∈H τ be an idempotent, any relation H r H e H = 0 implies a similar relation H r H µ H = 0 for arithmetic invariants depending on H. For instance, idempotent relations imply relations among genera, Hasse-Witt invariants and zeta-functions (cf. [4] , [2] and [7] ). In this paper we pursue results which are analoguous to [5] and are applied to arithmetic invariants of the algebraic fundamental group of projective curves.
Suppose that G has order prime to p. Enlarge k, if necessary, so that k contains the |G|-th roots of unity. Let M be the |G|-th cyclotomic field. The set of characters S(G) of G taking values in k corresponds naturally and bijectively to the set of characters S 0 (G) taking values in M . So, given χ ∈ S 0 (G) we also denote by χ the corresponding element in S(G).
In section 2, we show that idempotent relations in M [G] imply relations among L-functions of irreducible characters of subgroups H of G. In section 3, we apply the latter result to obtainrelations among the generalized HasseWitt invariants. In section 4, we consider p-elementary abelianétale covers
We prove that idempotent relations imply relations among the dimensions of the eigensubspaces of Gal(D/C) corresponding to the irreducible characters of H. In section 5, we relate this to finite quotients of the fundamental group of C H .
L-functions
Let H be a subgroup of G, C H = C/H the quotient curve, χ H an irreducible character of H and Let k be the algebraic closure of k, C = C × k k, F the geometric Frobenius morphism of C with respect to k and Λ(τ • F ν ) the number of points of
It is a result due to Weil [13, p. 83 ] that this L-function is a polynomial, except if χ H is a trivial character, i.e., L(t, C/C H , χ H ) =
, where u χ H = 1, if χ H is a trivial character, and u χ H = 0 otherwise. The polynomial P (t, χ H ) has p-integral coefficients and its expression can be obtained as follows.
Let J C be the Jacobian variety of C. For each x ∈ C, let O x be the local ring at x. Given an integer n ≥ 1, let W n (O x ) be the ring of Witt vectors over O x of length n. This induces a sheaf W n on C called the sheaf of Witt vectors of length n. The cohomology groups H 1 (C, W n ) form a projective system. Let W (k) = proj lim n W n (k) and
The morphisms τ ∈ H and F in C induce endomorphisms α τ and α F in End(J C ). Moreover, there exists an anti-representation End(J C ) → End(L(J C )) [13, p. 218, Théorème 36]. Denote by α * τ and α * F the images of α τ and α F by this map.
Theorem 2. Suppose that there exists an idempotent relation H r H e χ
and Tr denotes the trace of the endomorphisms in L(J C ). Let O M be the ring of integers of M and p a prime ideal of O M such that p ∩ Z = pZ. Denote by M p the completion of M with respect to the absolute value corresponding to p. Let ρ :
Hence, on the one hand λ ν = 0, on the other hand Tr(λ ν ) = H r H A ν (χ H ). The theorem follows from Tr(λ ν ) = 0 for each ν ≥ 1.
Generalized Hasse-Witt invariants
In this section we apply Theorem 2 to obtain a relation among the generalized Hasse-Witt invariants.
Let k(C) be the function field of C over k. Let Ω 1 C be the space of differentials of k(C) and Ω 1 C (0) the subspace of regular differentials. Let [12, p. 39 ]. This is a 1/p-linear operator, i.e., C(aw) = a 1/p w, for a ∈ k(C). Furthermore, C is independent from the choice of t and acts on Ω 1
The dimension of the subspace of Ω 1 C (0) χ H fixed by C n as an F q -space is called the generalized Hasse-Witt invariant of C with respect to χ H and denoted by γ C,χ H [11] .
In [11] , P (t, χ H ) mod p is obtained as follows. First, a result of Manin [6] shows α * F (T p (J ∧ C )) mod p = 0. Hence, it suffices to compute det
It is shown in [11, p. 183 ] that there exists an ex-
An argument using the action of Frobenius and its dual operator Verschiebung on Witt vectors shows that we can reduce even further to compute det
Finally, a result of Rosenlicht [10] shows that
Thus we obtain the theorem.
As a consequence of Theorems 2 and 3 we obtain the corollary. 
Tame Galois covers
The generalized Hasse-Witt invariants are not only the degree of characteristic polynomials of Frobenius, but they are also used in counting certain types of Galois covers. More precisely, let D be a finiteétale Galois cover of C whose Galois group P is p-elementary abelian. For each subgroup 
The argument before Theorem 3 shows that P (t, P ∨ , χ
In the same way as in Theorem 2 we obtain the following result.
Proposition 5. Suppose that there exists an idempotent relation
Corollary 6. Suppose that there exists an idempotent relation H r H e χ
Fundamental groups
In this section, a curve will mean a smooth projective irreducible algebraic curve defined over an algebraically closed field of characteristic p > 0. The algebraic fundamental group π 1 (X) of a curve X is defined as π 1 (X) = proj lim Y Gal(Y /X), where Y runs through the finiteétale Galois covers of X. Every such curve Y corresponds uniquely to the finite quotient π 1 (X)/π 1 (Y ) ∼ = Gal(Y /X) of π 1 (X). Similarly, we define π t 1 (X, S) replacingétale Galois covers by Galois covers which areétale outside a finite non-empty subset S of X and tamely ramified over the points of S.
One of the achievements of Grothendieck [3] is to characterize finite quotients of π 1 (X), respectively of π t 1 (X, S), whose order is prime to p. Let g be the genus of X. These quotients must be isomorphic to quotients of the topological fundamental group of a compact Riemann surface of genus g, respectively of a compact Riemann surface of genus g minus |S| points.
The finite quotients of π 1 (X) and π t 1 (X, S) which are p-groups are obtained by Hasse-Witt theory taking into account that the p-cohomological dimension of these profinite groups is at most one (cf. [9] and [1] for a discussion).
The next step is to consider groups whose order was divisible by p, but which were not p-groups. In [9] (for theétale case) and in [1] (for the tame case) it was treated the case where the group was an extension of a p-group P by a group H whose order was prime to p.
Let Φ(P ) = [P, P ]P p be the Frattini subgroup of P and P = P/Φ(P ). Let J Y [p] be the subgroup of p-torsion points of the Jacobian variety J Y of Y . The group P ⋊ H is a finite quotient of π 1 (X), respectively of π t 1 (X, S), if and only if there exists anétale, repectively tame, Galois cover Y of X with group H such that P injects as an 
